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1 Introdution
Let F be a ompat onneted smooth surfae, possibly with boundary and
not neessarily oriented. The objets of study in this paper are
Di(F, {∂F}) = {ϕ : (F, ∂F ) −→ (F, ∂F ) | ϕ is a dieomorphism} ,
Top(F, {∂F}) = {ϕ : (F, ∂F ) −→ (F, ∂F ) | ϕ is a homeomorphism} ,
hAut(F, {∂F}) = {ϕ : (F, ∂F ) −→ (F, ∂F ) | ϕ is a homotopy equivalene} .
The main theorem of this paper is the following:
Theorem 1.1. Let F be a ompat surfae and not a sphere, a disk, a ylin-
der, a Möbius band, a torus, a Klein bottle, or RP 2. Then
π0(Di(F, {∂F}))
∼=
−→ π0(Top(F, {∂F}))
∼=
−→ π0(hAut(F, {∂F}))
are bijetions.
This result is far from new, but this paper will present a thorough and
self-ontained proof of the following bijetion
π0(Di(F, {∂F}))
∼=
−→ π0(hAut(F, {∂F})). (1)
To get the Main Theorem from this result, we will use the result of [Epstein℄
Thm 6.4 without proof.
We onsider slightly dierent versions of the groups, where we assume F
is oriented in the last two groups:
Di(F, ∂F ) = {ϕ ∈ Di(F, {∂F}) | ϕ|∂F = id} ,
Di+(F, {∂F}) = {ϕ ∈ Di(F, {∂F}) | ϕ is orientation-preserving} ,
Di+(F, ∂F ) = Di(F, ∂F ) ∩Di+(F, {∂F}),
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and similar for Top and hAut. By orientation-preserving we mean that the
orientation lass [F, ∂F ] ∈ H2(F, ∂F ) is preserved by ϕ∗. From the Main
Theorem we easily dedue
Theorem 1.2. Let F be a ompat surfae and not a sphere, a disk, a ylin-
der, a Möbius band, a torus, a Klein bottle, or RP 2. Then there are bijetions
(1) π0(Di(F, ∂F ))
∼=
−→ π0(Top(F, ∂F ))
∼=
−→ π0(hAut(F, ∂F )),
(2) π0(Di+(F, {∂F}))
∼=
−→ π0(Top+(F, {∂F}))
∼=
−→ π0(hAut+(F, {∂F})),
(3) π0(Di+(F, ∂F ))
∼=
−→ π0(Top+(F, ∂F ))
∼=
−→ π0(hAut+(F, ∂F )).
The standard denition of the mapping lass group of a surfae F is
Γ(F ) = π0(Di+(F, ∂F )). The last part of Theorem 1.2 shows that it does not
matter whether one onsiders dieomorphisms, homeomorphisms, or even ho-
motopy equivalenes, when working in the mapping lass group.
It is a pleasure to thank Jørgen Tornehave for many fruitful disussions and
help during my work on this paper.
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2 Preliminaries
Denition 2.1. An isotopy ψ of F is a path in Top(F, {∂F}), i.e. ψ :
F × I −→ F is ontinuous map suh that ψt = ψ(−, t) : F −→ F is a
homeomorphism for all t ∈ I, and we say that ψ0 and ψ1 are isotopi.
An isotopy is smooth if we an exhange homeomorphism with dieomor-
phism in the above. We then say that ψ0 and ψ1 are smoothly isotopi.
Lemma 2.2. Let f : S1 −→ S1 an orientation preserving dieomorphism.
Then f is smoothly isotopi to the identity via a smooth isotopy ft : S
1×I −→
S1 suh that the funtion F : S1 × I −→ S1 × I given by F (z, t) = (ft(z), t)
is a dieomorphism, and
ft(z) =
{
f(z), for 0 ≤ t < ε,
z, for 1− ε < t ≤ 1.
Proof. Sine f is smooth it denes a smooth funtion f˜ : R −→ R by lifting
f under the universal overing exp : R −→ S1. Now take a smooth bump
funtion ρ : I −→ I satisfying
ρ(t) =
{
0, t ≤ ε,
1, t ≥ 1− ε.
Let F˜ : R× I −→ R be given by F˜ (x, t) = ρ(t)f˜(x) + (1− ρ(t))x. This now
denes an isotopy from f˜ to the identity, and F (exp(x), t) = (exp(F˜ (x, t)), t)
is a dieomorphism.
The idea of the following proof is due to J. Alexander.
Lemma 2.3. Let D be a disk and N a ollar neighborhood of the boundary.
Suppose f : D −→ D is a homotopy equivalene whih restrits to an ori-
entation preserving dieomorphism of N of the form f(z, t) = (f(z), t) for
(z, t) ∈ N . Then f is homotopi to a dieomorphism relative to a smaller
ollar neighborhood.
Proof. We an assume f : D −→ D, where D = {z ∈ R2 | |z| ≤ 1 + ε},
and N = {z ∈ D | 1− ε < |z| ≤ 1 + ε}. The tubular oordinates on N are
s ∈ [0, 2π] and t ∈ (−ε, ε]. We rst onstrut a homotopy ϕx, x ∈ [0, 1], whih
is onstant in x outside N , from f to a funtion g suh that g(s, 0) = (s, 0)
in tubular oordinates. We use the isotopy fx(s) from Lemma 2.2, and set
ϕx(s, t) = (fx(1− 1
ε
|t|)(s), t), t ∈ (−ε, ε]
in tubular oordinates. Then ϕ0 = f and ϕ1(s, 0) = (s, 0), and ϕx is the
identity on a ollar neighborhood of ∂D by Lemma 2.2.
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We now make a homotopy ψx, x ∈ [0, 1], from g to the funtion h satis-
fying
h(z) =
{
g(z), |z| > 1;
z, |z| ≤ 1.
Let D′ = {z ∈ D | |z| ≤ 1}, and dene the solid one
C = {(z, x) ⊆ D × I| |z| ≤ 1− x}
with bottom D′ × {0} and top (0, 1), and set
ψx(z) =


(1− x)f( z
1−x
), (z, x) ∈ C,
z, (z, x) ∈ (D′ × I) \ C,
g(z), (z, x) ∈ (D \D′)× I.
This is learly ontinuous and onstitutes a homotopy from g to h through
maps whih are the identity on a ollar neighborhood of ∂D, sine g is.
We laim h : D −→ D is a dieomorphism. Clearly, h : D′ −→ D′ is a
dieomorphism, and by Lemma 2.2, h is smooth on D, and for |z| > 1, h = g
is a dieomorphism D \D′ −→ D \D′.
A result we will use repeatedly is the following smooth version of the
Shönies urve theorem.
Lemma 2.4. Let f : S1 −→ F be a smoothly embedded simple losed urve
homotopi to zero in a surfae F . Then the losure of the interior of f(S1)
is a smoothly embedded disk in F .
Proof. By Thm 1.7 in [Epstein℄ we know that f separates F into two ompo-
nents, and that one of them (all it D′) is homeomorphi to a disk D2. Thus
D′ is a onneted orientated smooth 2-manifold with 1 boundary omponent
and with Euler harateristi χ(D′) = 1. Now by the lassiation of smooth
surfaes, D′ is a smooth disk.
Denition 2.5. Let α be a smoothly embedded 1-submanifold in a surfae
F . By the surfae ut up along α, denoted F \ α, we will mean the surfae
with boundary F \N(α), where N(α) is a tubular neighborhood of α in F .
Lemma 2.6. Let α : (I, ∂I) −→ (F, ∂F ) be a simple urve in a surfae
F . If the ut-up surfae F \ α(I) is disonneted, then the indued map
α∗ : H1(I, ∂I) −→ H1(F, ∂F ) is the zero map.
Proof. Let α¯ = α(I) ⊆ F , and onsider the long exat sequene for the triple
(∂F, α¯ ∪ ∂F, F ):
H1(α¯ ∪ ∂F, ∂F )
i∗ // H1(F, ∂F )
j∗
// H1(F, α¯ ∪ ∂F ) // H0(α¯ ∪ ∂F, ∂F )
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Here H0(α ∪ ∂F, ∂F ) = 0, so j∗ is surjetive. Also H1(F, ∂F ) ∼= Z
2g+r−1
for
F = Fg,r. Sine F \ α¯ is not onneted, we an write F \ α¯ = F1 ⊔ F2, and
by exision,
H1(F, α¯ ∪ ∂F ) ∼= H1(F1 ⊔ F2, ∂F1 ⊔ ∂F2) ∼= H1(F1, ∂F1)⊕H1(F2, ∂F2)
∼= Z2g1+r1−1 ⊕ Z2g2+r2−1.
Here g = g1 + g2 and r + 1 = r1 + r2, so sine j∗ is surjetive, we onlude
that j∗ is an isomorphism. Thus i∗ = 0, and the following diagram shows
that α∗ = 0:
H1(I, ∂I)
α∗

α∗ // H1(F, ∂F )
H1(α¯ ∪ ∂F, ∂F )
i∗
66mmmmmmmmmmmmm
3 Surjetivity
In this setion we will prove that the map in (1) is surjetive, i.e. a homotopy
equivalene of a surfae F is homotopi to a dieomorphism. We rst prove
this for surfaes with non-empty boundary, and then use this to obtain the
proof for losed surfaes. The result for surfaes with non-empty boundary
is strongly inspired by [Hempel℄.
Theorem 3.1. Let F and G be ompat surfaes with non-empty boundaries.
Suppose π1(F ) is non-trivial. Let f : (F, ∂F ) −→ (G, ∂G) be a map suh
that f∗ : π1(F ) −→ π1(G) is injetive and f |∂F : ∂F −→ ∂G is a smooth
embedding. Then there is a homotopy ft : (F, ∂F ) −→ (G, ∂G) with f0 = f
and f1 : F −→ G a dieomorphism.
Proof. First onsider eah boundary omponent J of F , and K of G where
f(J) ⊆ K. We an assume eah J and K has a ollar neighborhood of
the form J × [0, ε] and K × [0, ε], where the map f has the form f(x, t) =
(f |J(x), t), by gluing on small ylinders, extending f as desired, and smooth-
ing out. Sine f is ontinuous, it is homotopi to a smooth map, and we an
hoose the homotopy to be onstant on the ollar neighborhoods, so we an
assume that f is smooth an embedding on a neighborhood of ∂F .
We are going to ut up G by a non-separating ar α (i.e. an embedded
onneted 1-manifold with boundary) onneting two boundary omponents
of G in the image of f . We would like to ut up F by f−1(α). To do this we
must ensure that f−1(α) is also an embedded 1-manifold. This holds if f is
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transverse to α. By Thom's transversality theorem, f an be approximated
by a smooth map g transverse to α arbitrarily lose to f . Even better, g
an be hosen suh that g|A = f |A for a losed subset A ⊆ F on whih the
transversality ondition on f is already satised. If we hoose the ar α to
have the form α = (x0, t), t ∈ [0, ε] on the ollars K × [0, ε] for some x0 ∈ K,
then learly we an take A =
⋃
J∈pi0(F )
J × [0, ε] in the above. Sine the
transverse map g is arbitrarily lose to f , they are homotopi, and we an
assume f is transverse to α.
Sine f |∂F : ∂F −→ ∂G is an embedding we an see that f
−1(α) must
onsist of one ar in F and possibly a number of embedded irles, and as
F is ompat, there is a nite number of irles. Sine f∗ is injetive, the
irles must be null-homotopi in F , thus they must eah bound a disk D0 in
F . Taking a slightly larger disk D ⊇ D0, then f(∂D) must be ontained in
a tubular neighborhood of α. Sine ∂D is disjoint from f−1(α), all of f(∂D)
is to the same side of α in the tubular neighborhood.
Now D is a disk and f(∂D) is ontained in a disk E ⊆ G on one side of
α in the tubular neighborhood. Thus we an make a map h : D −→ G with
h(D) ⊆ E and suh that f |∂D = h|∂D. This gives a map H : S
2 −→ G by
mapping the lower hemisphere by f and the upper hemisphere by h. Sine
G is not S2 or RP 2, we know π2(G) = 0, so the map H an be extended to
a map D3 −→ G, thus giving a homotopy from f to h. This will redue the
number of irles in the preimage, and we an thus assume that f−1(α) is
just an ar in F . By transversality we an assume that we have a tubular
neighborhood of f−1(α) mapping to a tubular neighborhood of α.
We an now ut F along f−1(α) and G along α, to obtain Fˆ and Gˆ.
After utting up F and G along an ar, we will atually have manifolds with
orners, Fˆ and Gˆ. But learly we an smooth out these orners inside the
ollar neighborhoods where f : Fˆ −→ Gˆ is smooth.
Now we would like to show that the proess will not separate F . Consider
the situation when we ut up along a non-separating ar α in G. We an
parametrise α and think of it as a funtion α : (I, ∂I) −→ (G, ∂G). This
indues a map α∗ : H1(I, ∂I;Z2) −→ H1(G, ∂G;Z2). The ondition that α
is nonseparating translates as α∗ 6= 0. By the above we an assume that
f−1(α) is a single ar, whih we parametrize as α˜ : (I, ∂I) −→ (F, ∂F ):
(I, ∂I)
α˜
yyss
ss
ss
ss
s
α
%%K
KK
KK
KK
KK
(F, ∂F )
f
// (G, ∂G)
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On homology this indues the ommutative diagram
H1(I, ∂I;Z2)
α˜∗
vvmmm
mm
mm
mm
mm
mm
α∗
((QQ
QQ
QQ
QQ
QQ
QQ
Q
H1(F, ∂F ;Z2)
f∗
// H1(G, ∂G;Z2)
But sine α∗ 6= 0 we get α˜∗ 6= 0 and thus by Lemma 2.6, α˜ ⊆ F is nonsepa-
rating.
Now we show that f∗ : π1(Fˆ ) → π1(Gˆ) is still injetive after utting up.
We use that F is homotopi to Fˆ ∪ I, where I is a small interval onneting
two points b0, b1 ∈ ∂Fˆ . Using that Fˆ is onneted we hoose a path J
in Fˆ from b0 to b1, suh that I ∪ J form a loop. Now F ≃ Fˆ ∨ S
1
(by
ontrating J in Fˆ to a point). Then i∗ : π1(Fˆ ) −→ π1(F ) is injetive, sine
i∗ : π1(Fˆ ) −→ π1(F ) = π1(Fˆ ) ∗ Z is just the inlusion in the rst fator by
van Kampen's theorem. Now it follows from the ommutative diagram
π1(Fˆ )
  i∗ //
fˆ∗

π1(F ) _
f∗

π1(Gˆ)
i∗ // π1(G)
that fˆ∗ : π1(Fˆ ) −→ π1(Gˆ) is also injetive.
It remains to show that by utting up F and G they have to beome
disks at the same time. Firstly if G is a disk, then f∗ : π1(F ) −→ {1} is
injetive, so π1(F ) = {1}, and this implies that F is also a disk (sine F
is a surfae with boundary). Conversely, if G is not a disk then neither is
F , sine given a non-separating ar α in G we have shown above that there
exists a non-separating ar in F .
We are down to the ase where f is a map from a disk to a disk that is
smooth in a ollar of the boundary, and this ase is handled by Lemma 2.4.
We an glue the resulting smooth maps on the piees together again, sine
the ollar neighborhoods of the boundary of eah piee (where the map is
smooth) are xed by the homotopy from Lemma 2.4. So we are done.
Corollary 3.2. Let F and G be ompat surfaes with non-empty boundaries.
Suppose π1(F ) is non-trivial. Let f : (F, ∂F ) −→ (G, ∂G) be a map suh
that f∗ : π1(F ) −→ π1(G) is injetive and f |N(∂F ) : N(∂F ) −→ N(∂G)
is a smooth embedding, where N(−) denotes a neighborhood. Then there is
a homotopy ft : (F, ∂F ) −→ (G, ∂G) with f0 = f and f1 : F −→ G a
dieomorphism, suh that ft = f0 on a neighborhood of ∂F .
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Proof. Use the proof above, but skip the rst part whih proves that f |N(∂F ) :
N(∂F ) −→ N(∂G) an be made into a smooth embedding.
Lemma 3.3. Let f0, f1 : S
1 −→ F be disjoint non-trivial two-sided embed-
dings in the surfae F . Assume there exist m,n ∈ Z+ suh that f
n
0 and f
m
1
represent the same free homotopy lass in F . Then there is an embedding
ϕ : S1 × I −→ F suh that ϕ|S1×{i} = fi for i = 0, 1, so f0 and f1 bound a
ylinder.
Proof. This is a speial ase of [Epstein℄, Lemma 2.4.
We start by utting F up along f0 and then gluing a disk onto eah
of the two new boundary omponents; let M be the onneted omponent
ontaining f1 in the resulting surfae. Sine f0 is null-homotopi in M , then
so is fn0 and thus f
m
1 . Now we will show that f1 is null-homotopi in M , so
that it bounds a disk in M . First if ∂M 6= ∅, then π1(M) is a free group
and thus if fm1 = 1 then f1 = 1. Else π1(M) is a free group modulo the
relation ∂ = Πgi=1[ai, bi] ∈ π1(M) (oriented ase) or ∂ = Π
g
i=1a
2
i ∈ π1(M)
(unoriented ase). If fm1 = 1 but f1 6= 1, π1(M) will have torsion, and by
[Lyndon-Shupp℄ Prop. 5.18, the only ase that allows for torsion is the
unoriented ase with g = 1. Then the omponent of M ontaining f1 is an
RP 2, but then there are no non-trivial two-sided embeddings of S1. So there
an be no torsion, and f1 = 1 in π1(M).
The disk in M bounded by f1 ontains either one or two of the disks
glued onto f0 to form M , sine f1 was non-trivial in F . If the disk bounded
by f1 in M ontains just one glued-on disk, then f0 and f1 together bound a
disk blown up at one point; a ylinder in F . In partiular, if f0 is separating,
then the disk bounded by f1 in M ontains just one glued-on disk, so we
are done. Now if the disk bounded by f1 in M ontains two of the glued-on
disks, then f1 was separating in F , sine we obtain F from M by removing
the glued-on disks and gluing up along their boundaries. The ylinder an
thus be obtained if we interhange f0 and f1.
The ondition in the preeding Theorem 3.1 about the map f being an
embedding on the boundary is not essential if f is a homotopy equivalene,
as we show next:
Lemma 3.4. Suppose f : (F, ∂F ) −→ (G, ∂G) indues an isomorphism
f∗ : π1(F ) −→ π1(G), and suppose F is ompat with ∂F 6= ∅ and is neither
a disk, a ylinder nor a Möbius band. Then the following holds:
(i) For all boundary omponents J ⊆ ∂F and K ⊆ ∂G suh that f(J) ⊆ K,
the omposite Z ∼= π1(J)
f
−→ π1(K) ∼= Z is multipliation by ±1,
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and no two dierent boundary omponents in F are taken to the same
boundary omponent in G.
(ii) f is homotopi to a map g : (F, ∂F ) −→ (G, ∂G) with g|∂F : ∂F −→ ∂G
an embedding.
Proof. Let J ⊆ F be a boundary omponent, and letK ⊆ G be the boundary
omponent with f(J) ⊆ K. We have a ommutative diagram,
π1(J)
 
(f |J )∗
//
 _

π1(K)

π1(F )
∼=
f∗
// π1(G)
(2)
Here, the vertial map π1(J) −→ π1(F ) is injetive, sine it is a non-zero
map (as F is not a disk) from π1(J) ∼= Z into the free group π1(F ). Then
(f |J)∗ is multipliation by an integer n 6= 0.
If F has more than 1 boundary omponent, we an hoose generators for
π1(F ) suh that the generator of π1(J) goes to a generator of π1(F ) under
the left vertial map in (2). Sine f∗ is an isomorphism, it takes generators
to generators, and thus it follows by ommutativity that n = ±1.
If F only has the one boundary omponent J , then the generator α of
π1(J) maps to either ∂ = Π
g
i=1[ai, bi] ∈ π1(F ) (oriented ase) or ∂ = Π
g
i=1a
2
i ∈
π1(F ) (unoriented ase). If f∗(α) = x
n
for a generator x of π1(K), we get
by ommutativity that f∗(∂) ∈ π1(G) would be an nth power of something.
Sine f∗ : π1(F ) −→ π1(G) is an isomorphism, ∂ itself would be an nth power
of some element. In ase ∂ = a21, F is a Möbius band, so this annot happen.
In all other ases we get n = ±1.
We have shown that (f |J)∗ : π1(J) −→ π1(K) is an isomorphism. Thus we
an homotope f in a ollar neighborhood around J suh that f |J : J −→ K
is a dieomorphism. We do this for every boundary omponent of F .
All that is left is to hek that no two boundary omponents J1, J2 of
F map to the same boundary omponent K in G. If that were the ase,
the elements of π1(F ) generating π1(J1) and π1(J2) would both map to a
generator of π1(K), i.e. would oinide up to a sign, sine f∗ : π1(F ) −→
π1(G) is an isomorphism. Then by Lemma 3.3, F would be a ylinder, whih
it is not.
Theorem 3.5. Let F and G be ompat surfaes, and let f : F −→ G be a
homotopy equivalene. Assume neither F nor G is a disk, a sphere, a ylin-
der, a Möbius band, a torus, a Klein bottle, or RP 2. Then f is homotopi to
a dieomorphism.
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Proof. If F and G have non-empty boundary, Lemma 3.4 and Theorem 3.1
give the result. So assume that F and G are losed surfaes.
Let B ⊆ G be a non-separating, 2-sided simple losed urve in G. Sine f
is homotopi to a smooth map whih is transverse to B, we an assume that
f is smooth and transverse to B. Consider the omponents of f−1(B). By
transversality and ompatness, this is a nite set of disjoint 1-submanifolds
of F . As in the proof of Theorem 3.1, we an homotope f so that no om-
ponent in f−1(B) bounds a disk. For any 1-sided simple losed urve γ in
f−1(B), take a small tubular neighborhood M of γ suh that f(M) ⊆ N ,
where N is a tubular neighborhood of B. Sine M \ γ is onneted and
f(M \ γ) ⊆ N \B, it follows that M \ γ maps to the same side of the 2-sided
urve B under f . This implies that we an homotope f in M to a funtion
not hitting B. So we an assume that no omponent of f−1(B) is a 1-sided
simple losed urve.
Now let H0, H1 be two omponents of f
−1(B), and let h0, h1 : S
1 −→ F
be parametrizations of H0 and H1, respetively. Then
Z ∼= π1(Hi)
f
−→ π1(B) ∼= Z
is multipliation by some mi ∈ Z. Note that mi 6= 0 sine hi is nontrivial in
F and f is injetive on π1(F ). This gives that f∗(h
m1
0 ) = f∗(h
m0
1 ) ∈ π1(G),
and sine f is injetive on π1(F ), h
m1
0 = h
m0
1 ∈ π1(F ). Then by Lemma
3.3 they bound a ylinder (if h0 and h¯1 bound a ylinder then so do h0 and
h1). This ylinder might ontain omponents of f
−1(B), but sine there are
nitely many suh omponents, we an take a ylinder whose intersetion
with f−1(B) is preisely its ends, all them h0 and h1 again.
Now the ylinder gives a homotopy c : S1 × I −→ F from h0 to h1, and
thus f ◦ c : S1 × I −→ G is a homotopy in G, with f(c(S1×]0, 1[)) ∩ B = ∅.
Thus we get a ontinuous map f˜ ◦ c : S1×I −→ G\B into the ut-up surfae
G\B. This is a homotopy between non-zero powers of boundary omponents
of G\B. Now by Lemma 3.3, if these two boundary omponents are distint,
G \B would be a ylinder. But this is impossible, sine G is neither a torus
nor a Klein bottle. This implies that both ends of the ylinder is mapped
to the same boundary omponent in G \ B, and thus we an hange f by
a homotopy to remove h0 and h1 from f
−1(B) without hanging f−1(B)
otherwise. We an now assume that f−1(B) is a single losed urve, sine
f−1(B) = ∅ implies that f∗ : π1(F ) −→ π1(G) fators through π1(G \ B)
but π1(G \ B) −→ π1(G) is not surjetive. We an nally see that the
urve f−1(B) is non-separating by Lemma 2.6, sine B is non-separating and
f∗ : H1(F ) −→ H1(G) is a group homomorphism.
Consider f | : N(f−1(B)) −→ N(B), whereN(−) denotes a tubular neigh-
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borhood. Then, using a method as in the proof of Lemma 2.2 on f−1(B) and
a bump funtion to extend to N(f−1(B)), one an see that f is homotopi
to a map g with g−1(B) = f−1(B), suh that g|N(g−1(B)) is a smooth overing
map (the number of sheets will be the degree of f : f−1(B) −→ B). So now
we assume that f is a smooth overing map on a neighborhood of f−1(B).
Sine f∗ : π1(F \ f
−1(B)) −→ π1(G \ B) is injetive ([Lyndon-Shupp℄
prop 5.1), we an hoose a overing ρ : G˜ \B −→ G \B and lift f as in the
diagram,
G˜ \B
ρ

F \ f−1(B)
f˜
99rrrrrrrrrr
f
// G \B
(3)
suh that f˜∗ : π1(F \ f
−1(B)) ∼= π1(G˜ \B). Moreover, ρ is a nite-sheet
overing, sine f maps (a parametrization of) f−1(B) to a non-zero multiple
of (a parametrization of) B, and the number of sheets is loally onstant. So
G˜ \B is ompat.
Now in a neighborhood of the boundary of F\f−1(B), f˜ is a overing map,
and f˜∗ is an isomorphism on π1. So f˜ is an embedding on a neighborhood of
the boundary. By Corollary 3.2 on f˜ : F \f−1(B) −→ G˜ \B, f˜ is homotopi
to a dieomorphism, relative to a neighborhood of the boundary. Glue up
this dieomorphism to a map g : F −→ G whih will be homotopi to f , and
be both a homotopy equivalene and a smooth overing map. The last two
imply that g is a dieomorphism F −→ G.
4 Injetivity
In this setion we will prove that the map in (1) is injetive, i.e. if a dieo-
morphism is homotopi to the identity, it is smoothly isotopi to the identity.
Denition 4.1. Let f, g : I −→ F be smooth embeddings into a surfae F .
We say that f and g form an eye if the following is satised:
(i) f(I) ∪ g(I) bounds a disk in F .
(ii) f |[0,ε[ = g|[0,ε[, f |]1−ε,1] = g|]1−ε,1], and f is disjoint from g on ]ε, 1− ε[.
Lemma 4.2. Let f, g : I −→ F be two smooth embeddings into a surfae F
whih form an eye. Then there is a smooth isotopy ϕt of F with ϕ0 = idF
and ϕ1 ◦ g = f . Furthermore, there is a small neighborhood N of the disk
bounded by f and g for whih ϕt is the identity outside N for all t.
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Proof. Let Nf be a tubular neighborhood of f(I), given by a normal vetor
eld ξf to Nf . Let also Ng be a tubular neighborhood of g(I) given by a
normal vetor eld ξg, suh that Nf ∪Ng is an annulus. This is possible sine
f(I) ∪ g(I) bounds a disk in F .
There is a dieomorphism ψf : Nf −→ Vf ⊆ R
2
suh that ψf ◦ f is the
standard embedding I −→ R× {0}. We an take Vf = I×]− ε, ε[. We want
to extend ψf to a dieomorphism ψfg : Nf ∪Ng →֒ R
2
, i.e. ψfg|Nf = ψf .
First we note that inside Vf = I×]− ε, ε[ we have the image
G = ψf (g(I) ∩Nf ).
By taking ε small, we an ensure that G is the graph {(t, h(t))} of a smooth
funtion h : [0, δ[∪]1 − δ, 1] −→ [0,∞[. We an extend ψf to a map ψ˜fg
dened on Nf ∪ g(I) suh that ψ˜fg ◦ g : I −→ R
2
is smooth, using bump
funtions et as usual, suh that the image GI = ψ˜fg ◦ g(I) is the graph
{(t, h(t)} of a funtion h : I −→ [0,∞[, see Figure 1.
Figure 1: The tubular neighborhood Vf and the graph GI of h in R
2
.
We dene a tubular neighborhood of G using the vetor eld ηG =
(ψf )∗(ξg|Nf∩Ng). Sine ψf is a dieomorphism, ηG is a transverse vetor eld,
and so denes a tubular neighborhood NG of G inside Vf . Now we shrink Vf
to I×] − ε′, ε′[ where ε′ < ε (thus also shrinking Nf). Then we over GI by
two open sets in R2, U1 overing GI \ G, and U2 whose intersetion with U1
lie in NG and outside Vf , see Figure 2. Then we take a partition of unity ρ1,
ρ2 with respet to U1, U2.
Let ηI be the standard normal vetor eld to GI , dened on GI \ G.
Then we make a new vetor eld ρ1ηI + ρ2ηG. Sine ρ1ηI + ρ2ηG is never 0
or tangent to G, this denes a tubular neighborhood Vg of GI . This tubular
neighborhood oinides with NG on Vf , and thus gives a dieomorphism
ψfg : Nf ∪Ng −→ Vf ∪ Vg whih extends ψ˜fg.
The inner boundary irle C of the annulusNf∪Ng bounds a diskD
′ ⊆ F ,
and so the image ψfg(C) also bounds a disk DR2 ⊆ R
2
. Then we an extend
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Figure 2: Neighborhoods U1 and U2 of GI .
ψfg|C to a map D
′ −→ DR2 , whih is neessarily a homotopy equivalene,
so by Lemma 2.4 we an replae it by a dieomorphism ψD′ : D
′ −→ DR2 ,
suh that ψD′ |C = ψfg|C . The we an glue ψD′ and ψfg along C to obtain a
dieomorphism Ψ from D = D′ ∪Nf ∪Ng onto a disk in R
2
.
Now we an use a vertial ow in D′ ∪ Ng ∪ Nf (i.e. a pullbak under
Ψ of the obvious vertial ow in R2) to make Im(g) = Im(f), and lastly a
horizontal ow in Nf to make g = f .
Lemma 4.3. Given two smoothly embedded ars f, g : I −→ F satisfying
f({0, 1}) ∩ g(I) = f(I) ∩ g({0, 1}) = ∅. Then there is a smooth isotopy ϕt
of id|F suh that ϕ1 ◦ f and g interset transversally. Moreover ϕt is the
identity outside a tubular neighborhood of f .
Proof. Take an open tubular neighborhood of f , Nf , of onstant radius,
where r : Nf −→ f(I) is the retration. Inside Nf take a losed tubular
neighborhood of f of onstant radius, N cf . We over g(I) ∩ N
c
f with sets
of the form Nf (a, b) = {x ∈ Nf | f
−1(r(x)) ∈]a, b[}, where a < b ∈ I, and
f(a), f(b) is outside g(I). Sine g(I) ∩ N cf is ompat, we an assume that
it is a nite overing, Nf (ai, bi), i = 1, . . . , N , where a1 < a2 < · · · < aN .
For eah x ∈ F where f and g interset non-transversally, x ∈ Nf (ai, bi)
for some i. Now take the rst suh i. Then we an hoose another ar
g˜ : I −→ Nf (ai, bi) suh that g and g˜ form an eye and g˜ and f interset
transversally for all x ∈ g˜(I)∩ f(I) ⊆ Nf (ai, bi). Now by Lemma 4.2 there is
an isotopy from g to g˜ in Nf(ai, bi), whih is the identity outside Nf (ai, bi).
Doing this for eah i, we obtain in nitely many steps an isotopy whih is
the identity outside Nf , making f and g interset transversally.
Lemma 4.4. Let F be a ompat surfae with F 6= RP 2, S2, and let f be a
dieomorphism of F .
(i) Let αi : S
1 −→ F \∂F be a nite family of disjoint, non-trivial, pairwise
non-homotopi two-sided simple losed urves, with f ◦ αi ≃ αi for all
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i. Then there is an smooth isotopy ft of F suh that f0 = f and
f1 ◦ αi = αi and the identity extends to tubular neighborhoods.
(ii) Let αi : I −→ F be a nite family of simple urves, disjoint exept
possibly at endpoints, with f ◦αi ≃ αi and f ◦αi = αi near the endpoints
for all i. Let A ⊆ F be a union of disjoint non-trivial losed urves,
with f |A = id and αi(I)∩A = αi(∂I) for all i. Then there is an smooth
isotopy ft of F , suh that f0 = f , f1 ◦ αi = αi and the identity extends
to tubular neighborhoods. Furthermore ft|A = id for all t.
Proof. (i) and (ii) an be proved by the same methods, so we handle the
two ases as one initially. But we will also use (i) to prove (ii). First, in
both ases we have a losed subset A ⊆ F with f |A = id (in ase (i), A
starts as ∅). Consider a single urve α = α1. We will make an isotopy ft of
F suh that f0 = f , f1 ◦ α = α, and ft|A = id for all t. Then we an let
A1 = A∪ α(I), and use the result for f1 and A1 on α2, ompleting the proof
in a nite number of steps. So onsider a urve α as in (i) or (ii), and let
β = f ◦ α be the image urve. By assumption, β ≃ α.
In ase (ii), there are small neighborhoods N0 and N1 of the start and
end points where α and β agree. Inside N0 and N1 we an make an isotopy of
f whih perturbs β slightly, so that α and β agree near the start/end point,
and then beome disjoint. By shrinking N0 and N1 we an assume that α
and β are disjoint on ∂N0 and ∂N1. Our goal is now to make α and β disjoint
outside N0 and N1. From now on, we will ignore N0 and N1 in the proof,
and only work with α and β outside them.
By Lemma 4.3 we an assume α and β are transverse to eah other.
Then α and β have nitely many intersetion points by ompatness. To
get an isotopy of F taking β to α, we will rst ensure that α and β have no
intersetion points. To do this, onsider the universal overing π : F˜ −→ F .
We an model F˜ as an open disk in R2. Take a xed lift β˜ of β.
We onsider all the onneted omponents of π−1(α) that interset β˜.
There are nitely many suh omponents, all them α˜k, sine α and β have
nitely many intersetion points. The α˜k are also transverse to β˜. Now we
look for a pair of intersetion points between β˜ and an α˜i, suh that the part
of the two urves between these points (a losed urve, all it σ) bounds a
disk whose interior does not ontain any points on β˜ or α˜k for any k. So σ is
a simple losed urve in F˜ bounding a disk. Projeting onto F , we get π ◦ σ
(the parts of α and of β between two intersetion points) also a simple losed
urve, whih is null-homotopi, so aording to Lemma 2.4, π ◦ σ bounds a
disk in F . We an hoose a urve β ′ whih form an eye with β and whih
does not interset α in a neighborhood of the disk bounded by π ◦ σ. Then
by lemma 4.2 we an isotope β to β ′, so that there are two fewer intersetion
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points between α and β ′. Sine there are nitely many intersetion points,
this proedure terminates.
But we must show why we an always nd suh a σ in F˜ . Sine α˜k is
a onneted omponent of π−1(α), eah α˜k separates F˜ . So if β˜ rosses α˜i
one, it must ross it again (let us hoose the rst time it does so), as it
is transverse to α˜i. Now F˜ ⊆ R
2
, so the part of β˜ and α˜i between these
two intersetion points will bound a disk. If this disk ontains parts of β˜
or α˜k's, there will be a smaller disk inside whih satises the requirements,
sine there are nitely many intersetion points. In this way we an isotope
β to a urve whih does not interset α (in ase (ii), exept in N0 and N1).
In ase (i), we now have two homotopi disjoint simple losed urves α
and β. Then aording to Lemma 1.4, they bound a ylinder. Reall that
the set A (xed by f) onsists of the urves already handled, i.e. a union of
non-trivial losed urves, none of whih are homotopi to α, and thus not to
β, either. Thus A annot interset the ylinder bounded by α and β (in fat,
A annot interset a small open neighborhood of the ylinder). Then learly
there is an isotopy ft of F , whih is the identity on A, taking β to α.
In ase (ii), the two urves α and β are homotopi and form a simple
losed urve, so again they bound a disk. Reall that A originally onsisted
of non-trivial losed urves, so none of these an be inside the disk. As we
add urves to A, the irles get onneted by ars. None of these an interset
α, sine they were assumed to be disjoint from the start. As f is the identity
on A, they annot interset β = f ◦ α, either. Thus A annot ross the
boundary of the disk, so A and the disk are disjoint. Thus by lemma 4.2 we
an make an isotopy ft of F , whih is the identity on A, so that f1 ◦ α = α.
Now we extend the result to tubular neighborhoods of the urves. We
make a tubular neighborhood M0 of α, and by ompatness identify it with
S1×]−ε, ε[ in ase (i) and I×]−ε, ε[ in ase (ii). Now for (x, t) in a smaller
neighborhoodM1 ⊂M0 of α, the projetion the seond oordinate prtfx(t) :=
prt(f(x, t)) has positive dierential, and thus for all x the image of fx(t),
{(x′, t′) | (x′, t′) = fx(t) for some t ∈]−ε, ε[} is the graph of a funtion hx(t
′) =
x′. Now we an make tubular neighborhood M2 suh that M2 ⊂ f(M1) and
by possibly shrinking it assume that M2 = I×]−δ, δ[ or M2 = S
1×]−δ, δ[.
For deniteness, say M2 = I×]−δ, δ[. Choose a smooth bump funtion ρ(t)
with ρ(t) = 1 for |t| ≤ 1
2
δ and ρ(t) = 0 for |t| = δ. Let
gs(x, t) =
{ (
(1−s)hx(t
′)+s
(
ρ(t′)x+(1−ρ(t′))hx(t
′)
)
, t′
)
for (x, t)∈ f−1(M2)
f(x, t) otherwise.
where t′ is the seond oordinate of f(x, t) as above. Then gs denes an
isotopy from f to a funtion g1 with the property that g1(x, t) = (x, t
′) for
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t′ ∈]− δ
2
, δ
2
[. Now by strething the parameter t′ in eah interval {x}×]−δ, δ[,
we an assume that f is the identity on a (smaller) neighborhood.
Corollary 4.5. If we in addition to the requirements in lemma 4.4 require
that f is the identity on ∂F , then the isotopy an be assumed also to be the
identity on ∂F .
Proof. All the steps in the proof an be done away from the boundary.
Theorem 4.6. Let F 6= S2,RP 2 and let f, g ∈ Di(F, ∂F ) be homotopi.
Then f and g are smoothly isotopi.
To prove this I use the following result from [Smale℄ without proof.
Theorem 4.7 (Smale). Let f ∈ Di(D2, ∂D2). Then f is smoothly isotopi
to the identity, and if f is the identity on the boundary then so is the isotopy.
Proof of Theorem 4.6. If we prove that f−1g is smoothly isotopi to the iden-
tity, we will have a smooth isotopy from g to f . Thus we an restrit our
attention to the ase f ≃ id.
Choose a pair of pants/annular deomposition of the surfae F , i.e. a
olletion of disjoint simple losed urves αi : I −→ F, i = 1, . . . , n, in F . By
Lemma 4.4 (i), f is smoothly isotopi to a map g, whih is the identity on
a tubular neighborhood of the αi. In eah pair of pants P , hose two urves
that ut P up into a disk (for eah annulus, hoose one urve). By Lemma
4.4 (ii), there is an isotopy of F , whih is the identity on the αi, from g to a
map h xing a tubular neighborhood of the two urves in eah pair of pants.
Then we an use Smale's Theorem 4.7 on eah disk, getting an isotopy to
the identity.
Corollary 4.8. If we in addition to the requirements in theorem 4.6 require
that f and g is the identity on ∂F , then the isotopy an be assumed also to
be the identity on ∂F .
Proof. This is done as in theorem 4.6, exept that we use orollary 4.5 instead
of lemma 4.4, and using the fat that the isotopy in theorem 4.7 an be hosen
to be the identity on boundary.
5 Proof of the Main Theorem
As explained in the introdution, we will use a result of Epstein to prove the
statement about Top(F, {∂F}):
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Theorem 5.1 (Epstein). Let F a ompat surfae and let f : F −→ F be a
homeomorphism homotopi to the identity. Then f is isotopi to the identity.
Proof. This is a part of [Epstein℄ Thm 6.4, whih states exatly this result,
but for maps preserving a basepoint. And learly, by an isotopy we an
assume that f preserves any given point x0, and then f will be homotopi
to the identity through maps preserving x0.
Now we are ready to prove the bijetions of the Main Theorem 1.1:
π0(Di(F, {∂F}))
∼=
−→ π0(Top(F, {∂F}))
∼=
−→ π0(hAut(F, {∂F}))
Proof of Theorem 1.1. Suppose F is not a sphere, a disk, a ylinder, a Möbius
band, a torus, a Klein bottle, or RP 2. Consider the omposite map from (1),
π0(Di(F, {∂F})) −→ π0(hAut(F, {∂F})). (4)
Aording to Theorem 3.5, the map is surjetive, and by Theorem 4.6, it is
injetive. Now all that is left is to show that
π0(Top(F, {∂F})) −→ π0(hAut(F, {∂F}))
is injetive. But that is Theorem 5.1.
We now dedue Theorem 1.2:
Proof of Theorem 1.2. Suppose F is not a sphere, a disk, a ylinder, a Möbius
band, a torus, a Klein bottle, or RP 2.
Similar to the proof of Theorem 1.1, we onsider the omposite
π0(Di(F, ∂F )) −→ π0(hAut(F, ∂F )).
We an assume ∂F 6= ∅, otherwise this is the Main Theorem. By Cor. 3.2,
it is surjetive, and by Cor. 4.8 it is injetive. To prove the result, it sues
to show that
π0(Di(F, ∂F )) −→ π0(Top(F, ∂F )) (5)
is surjetive. Consider the following bration,
Di(F, ∂F )) −→ Di(F, {∂F}) −→ Di(∂F ). (6)
Here, Di(∂F ) is a semidiret produt Σn ⋉ Di(S
1), where Σn denotes the
symmetri group of permutations of n elements, and n is the number of
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boundary omponents of F . We have of ourse a similar bration for Top.
We use Di(S1)
∼=
−→ Top(S1), and this implies
Di(∂F )
∼=
−→ Top(∂F ). (7)
Now apply the long exat sequene of homotopy groups for the bration (6)
and its ounterpart for Top. Using (7) and the Main Theorem, we get by the
5-lemma that the map (5) is surjetive.
Now assume F is oriented. We an write Di(F, {∂F}) as the disjoint
union
Di(F, {∂F}) = Di+(F, {∂F}) ⊔Di−(F, {∂F}),
where the latter denotes the orientation-reversing maps. Similarly for Top
and hAut. Sine the maps in the Main Theorem respet this disjoint union,
we immediately get the seond part of 1.2.
By the same argument we an dedue the last part of 1.2 from the rst
part.
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